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ABSTRACT 
In this paper we show mainly two results about uniformly closed Riesz subspaces ofR x containing the 
constant functions. First, for such a Riesz subspace E, we solve the problem ofdetermining the properties 
that a real continuous function ~0 defined on a proper open i terval of ~ should have in order that the 
conditions "E is closed under composition with q¢' and "E is closed under inversion in X" become 
equivalent. The second result, reformulated in the more general frame of the Archimedean Riesz spaces 
with weak order unit e, establishes that E (e-uniformly complete and e-semisimple) is closed under 
inversion in C(Spec E) if and only if E is 2-universally e-complete. 
0. INTRODUCTION 
The concept of 2-universally complete Riesz space was introduced by Feldman 
and Porter in [2]. They proved that, for these Riesz spaces, the order-bound 
topology coincides with t e topology of uniform convergence on compact sets of 
the spectrum. Furthermore, Buskes in [1] proved that the same is true for uniformly 
closed and inverse-closed Riesz subspaces of R x which contain the constant 
functions (i.e., for complete ordinary function systems). Both concepts often 
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topological space Y [8]. 
to that E being closed 
inversion in X [ 12], is a 
of C(X). 
appear in the literature related to the old problem of finding algebraic-topological 
characterizations of C(X), the Riesz space of all continuous real functions on 
a topological space X, see, for instance, [8,7,13]. Recently, we have used the 
above mentioned result by Buskes to obtain, in certain particular cases, some 
characterizations of C(X) as a topological algebra [11]. 
Usually, in order to find conditions for a Riesz space E to be isomorphic to C(X) 
for some topological space X, it is first assumed that E is an Archimedean Riesz 
space with weak order unit e > 0 and e-semisimple. Thus, E is isomorphic to a 
Riesz subspace E of real functions on a non-empty set X, its spectrum. Then, 
the problem arises in looking for conditions for a Riesz subspace E of R x to 
be isomorphic to some C(Y) with Y a compact space, Lindel6f space, normal 
space . . . .  , completely regular space. In the compact case, the solution derives 
from Weierstrass-Stone theorem: E is isomorphic to some C(Y) with Y a compact 
space if and only if E is uniformly closed, contains the constant functions and each 
f E E is a bounded function. It is well known that the same holds if we replace 
the condition on E to be a Riesz subspace of R x by that of being a subring, 
or by that of being closed under composition with some non-affine function in 
C(R) (see [9]) or under each function in C(R). The situation is very different in 
the non-compact case, now E should contain unbounded functions and then the 
condition on E of being a Riesz space is not equivalent to the one of being a ring 
and both do not imply that E is closed under composition with every function of 
C(IR) [4]. Moreover, even if E (being uniformly closed and containing the constant 
functions) was closed under composition with each real continuous function defined 
on open real intervals, it can happen that E is not isomorphic to C(Y) for any 
Nevertheless, this last condition, which becomes equivalent 
under inversion in X or that E being a ring closed under 
necessary condition present in most of the characterizations 
Given an uniformly closed Riesz subspace E of R x containing the constant 
functions, in this paper we have investigated which are the properties that must 
have a continuous real function ~0 defined on an real interval in order that the 
condition E is closed under composition with ~p becomes equivalent to E is closed 
under inversion in X. We have proved that ~o must be a function defined on a 
proper open interval of R and unbounded in every neighborhood of one of its finite 
end-points. 
Also, we have obtained another conditions for E to be closed under inversion 
in X. In particular, by means of the use of some techniques of a paper by Garrido 
and Montalvo [6], we get such a condition given in terms of the suprema of certain 
sequences of functions in E. As a consequence, we prove that, in the framework 
of the Archimedean Riesz spaces with weak order unit e > 0 that are e-semisimple 
and e-uniformly complete, the concepts 2-universally e-complete and closed under 
inversion in the spectrum are equivalent. Notice that both concepts have been used 
separately as necessary conditions in the problem of characterizing C (X) as a Riesz 
space. 
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1. PREL IMINARIES  
A Riesz space is a real vector space E endowed with an order relationship "~<" 
with which it is a lattice (every non-empty finite subset has a supremum and an 
infimum) and is compatible with the vector structure (if f, g E E such that f ~< g, 
then f + h ~< g + h for every h ~ E, and )~f ~< kg for every k c R, k/> 0). The set 
E+ = {f  E E: f ~> 0} is called the positive cone of E. Let E and F be Riesz spaces. 
An map T : E ~ F is a Riesz homomorphism if it is linear and is a morphism of  
lattices, i.e., i f  it is a linear map which preserves finite suprema nd finite infima. 
As usual, the supremum and the infimum of  a subset {f/}ic1 of  E will be denoted 
by Vie~ f /and  AiEI fi, respectively. Notice that the supremum or the infimum of  
an infinite set does not always exist. Given an element f E E, its positive part, its 
negative part, and its absolute vaMe are elements of  E which are denoted by f+,  f -  
and [ fh  respectively, and are defined by the equalities f+  = f v 0, f -  = ( - f )  v 0, 
I f l  = f+ V / - .  
A Riesz space E is called Archimedean if, for .L g e E, n f  ~< g for all n E N 
implies f ~< 0. An element e E E is said to be a weak order unit if, for each f e E+, 
it satisfies f = V,, ( f  A ne). It is well known that in an Archimedean Riesz space E, 
an element e e E+ is a weak order unit i f  and only if  it satisfies, f A e = 0 implies 
f=0.  
In this paper all the Riesz spaces will be Archimedean with weak order unit e > 0. 
E* will be the set of  e-bounded elements of  E, i.e., f E E* if there exists n E N such 
that ]fl ~< ne. A sequence {fn}n C E is said to be e-uniformly Cauchy if for each 
e > 0 there exists N E N such that If,, - f,n I <~ ~e for all n, m > N. The sequence 
{f,,},, is e-uniformly convergent to f if for each e > 0 there exists N ~ N such that 
If,, - f l  ~< ee for all n > N. E will be e-uniformly complew, when each e-tmiformly 
Cauchy sequence of  E is e-uniformly convergent to some element f E E. 
I f  X is a non-empty set, then the set R x of  the real functions on X is an 
Archimedean Riesz space for its pointwise order, and the constant function 1 is a 
weak order unit. X being a topological space, C(X) (resp. C*(X)) will be the Riesz 
subspace of  IR x of  all continuous functions (resp. continuous and bounded) on X. 
The 1-uniformly complete Riesz subspaces of  R x are usually called uniformly 
closed. 
2. THE RESULTS 
Let X be a non-empty set. Given f E N x and a real number of, we write Lc~ ( f )  = 
{x E X: f (x)  ~< c~} and L~(f)  = {x c X: f (x)  ~> o~}. We refer to Lc~(f) and L~(f)  
as the Lebesgue-sets of f .  We will denote by coz( f )  the set {x 6 X: f (x)  # 0}. An 
important notion in this paper will be the concept of  2-finite cover of  X. We say that 
a countable cover  {Ci}i~ N of X is 2-finite whenever Ci C~ Cj = 0 for li - Jl > 1. 
Let E be a subset o fR  x. We say that: 
(1) E Sl-separates the disjoint non-empty sets A, B c X, if there is a function 
h E E (0 ~< h ~< 1) such that h(A) = 0 and h(B) = 1. 
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(2) E is closed under inversion in X (or E is an inverse-closed subset of  RX), if 
f 6 E and f (x )  ~ 0 for every x E X implies that 1/ f  ~ E. 
(3) E is closed under composition with the function ~p :A C R -+ R (it is also said 
that ~p operates on E) if q) o f E E for all f 6 E such that f (X )  c A. 
As we have already said, our aim in this paper is to obtain new conditions for a 
uniformly closed Riesz subspace of  R x containing the constant functions in order 
to be closed under inversion in X. We need the following lemma, each one of  whose 
items are known (see, for instance, Mr6wka [12], Henriksen and Johnson [8]). 
Lemma 2.1. Let E be a uniformly closed Riesz subspace of  1R x containing the 
constant functions. We have: 
(i) E is closed under composition with continuous functions on R that have finite 
limits in +oo. 
(ii) I f  each f c E is a bounded function then E is closed under composition with 
continuous functions on R. In particular, E is a subring of  R x. 
(iii) I f  f c E and there exists c c IR such that f >~ c > O, then 1 / f  ~ E. 
(iv) I f  E is closed under inversion in X, then E is a subring of IR x. 
(v) Let 0 <~ f ~ 1R x. I rE  is closed under inversion in X, then f c E if  and only if  
fan  ~ E for all n ~ N. 
Proof. (i) For f ~ E let L={q)  ~C(R) :  ~oo f c E}, were I~ is the 2-points 
compactification of  R. It is easy to check that L is a uniformly closed "~ector 
sublattice of  C(R) containing the constant functions. Also L separates points in I~: 
i f r  < s in R then the function ~p(t) = r v t/x s belongs to L and separates r and s. 
By the classic Kakutani-Stone theorem we conclude that L = C(I~). 
(ii) Let f E E, K the compact set f (X )  and L = {q) ~ C(K):  q) o f ~ E}. It is easy 
to see that L is a uniformly closed vector sublattice of  C(K) containing the constant 
functions and separating points of  K (because the function q)(t) = t is in L). By the 
classic Kakutani-Stone theorem we conclude that L = C(K). 
(iii) Let f c E and c ~ IR such that f />  c > 0. First, if f is bounded, then 
1/ f  = q) o f where ~o(t) = 1/t is continuous on f (X )  ~ [c, oc). In general, the 
1 sequence {7-2;7 } is uniformly convergent to 1 / f ,  and since 1 E E for all n and E 
is uniformly closed, we have that 1/ f  c E. 
(iv) It is enough to check that if f ~ E then f2  e E, because fg  = ½ ( ( f  + g)2 _ 
f2 _ g2). Since If[ + 1 /> 1, we have 1/( I f l  + 1) c E* and therefore (1/ 
( I f l  + 1)) 2 ~ E*. Thus ( I f l  + 1) 2 c E, because E is closed under inversion in X, 
and we obtain f2 = if l  2 = ( I f l  + 1) 2 - 2 l f l  - 1 ~ E. 
Notice that to prove (iv) we have only used that E+ is closed under inversion 
in X. 
1 (v) Let f ~> 0 such that f /x  n ~ E for all 17 ~ N. The sequence {~}, ,  is 
uniformly convergent to 1/(1 + f ) ,  and since 1 ~ E for all n and E is uniformly 
closed and closed under inversion in X, we have that 1 + f ~ E. [] 
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Theorem 2.2. Let E be a uniformly closed Riesz subspace of ~x  containing the 
constant functions. Then the following conditions are equivalent: 
(i) E is closed under inversion in X; 
(ii) E is closed under composition with continuous functions defined on open 
intervals (or open subsets) of IR; 
(iii) E is closed under composition with one continuous function ~o defined on an 
real open interval (a, b), a ~ 1R, which is not bounded on any neighbourhood 
ofa. 
Proof. (i) =~ (ii) It is a well-known result, see, for instance, [12]. It is obvious that 
(ii) ~ (iii). 
(iii) ~ (i) First we note that the condition (iii) implies that there exists a 
continuous function ~Pl : (0, ~)  --+ ~ which is not bounded on any neighbourhood 
of  0 and such that q91 o f ~ E for each f c E with f (X )  C (0, cx~). Indeed, let g be a 
continuous and increasing function from (0, cx~) onto (a, b) and let f c E such that 
f (X )  c (0, ~) .  From Lemma 2.1(i) it follows that g o f c E and so q9 o g o f ~ E. 
Then, q91 = ~0 o g is a continuous function defined on (0, ~)  which is not bounded 
in each neighbourhood of 0 satisfying ~Pl o f E E. 
Our next claim is to find a new continuous function ~o2 : (0, ~)  --+ R such that 
limt--,o ~02(t) = +~ and ~02 o f c E for each f ~ E with f (X )  C (0, ~) .  Since ~01 
is an unbounded function when t approaches 0, we can find a sequence rl > r2 > 
• .. ~ 0 such that ~01(r,,) > n. Since ~01 is a continuous function, we can also find 
a sequence {sn},, such that rn+l < s,, < rn and q~l(t) > n for every t 6 [s,,, r,z]. We 
now consider the polygonal function h 1, whose restriction to the interval [sn, r~] is 
the straight line which connects the points (s~, r,,+l ) and (rn, sn), the restriction to 
the interval [rn+l, sn] is the straight line which connects the points (r,+l, S~+l) and 
(sn, rn+l), and hi(t) = 0 if t ~< 0, hi(t) = sl i f  t ~> rl. Again from Lemma 2.1(i) 
it follows that h l o f c E and so E is closed under composition with the function 
~02(t) = ~Ol(t) x/~pl(hl(t)), t c (0, cx~). Furthermore, since ~ol(t) > n if t ~ Is,z, r,,] 
and ~ol(hl(t)) > n + 1 i f t  ~ [rn+l,sn] we have that ~p2(t) > n i f t  6 [r,,+l,r,,] and 
hence limt-~o ~02(t) = ~.  
In this step we will replace the function ~02 by a function ~03 which also approaches 
when t approaches 0, but in addition it satisfies n ~< q93(t) < n + 2 for every 
t 6 [t~+l, t,], where {t~}~ is a sequence of  real numbers uch that tl > t2 > -.- --~ 0: 
For each natural number n let t,, be the smallest t c (0, ~)  such that 992(t) = n 
(without loss of  generality we can assume that there exists some t such that 
¢p2(t) = 1); then, since ~o2 is a continuous function and limt--,o ~02(t) = ~,  it is clear 
that the sequence {t, } is well defined and q > t2 > .-- ~ 0. Let u~ < t,~ such that 
~p2(t) < n + 1 for every t c [u~, t,,] and let us proceed analogously to the preceding 
step to construct a polygonal function h2 such that h2([un, tn]) = [tn+l, Un] and 
h2([tn+l, Un]) ~- [Un+l, tn+l], and to see that h2 o f 6 E for each f 6 E and 
so E is closed under composition with the function ~p3(t) = ~o2(t)/x ~p2(h2(t)), 
t c (0, c~). An easy computation shows that n < ~o3(t) < n + 2 i f t  c [t,,+l, u,,] and 
n ~< ~o3(t) < n + l i f t  6 [un, t,,]. Therefore n ~< ~p3(t) < n + 2 i f t  6 [t,,+1, t~]. 
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Now we can already see that E is closed under inversion in X. For e > 0 we 
consider the polygonal function h which carries the intervals [ ~ ~]  on the 
(n+l )s  ' 
intervals [t,,+l, tn], h(t) = 0 i f t  ~< 0 and h(t) = tl i f t  >i 1/e. Then, for a function 
fcEsuchthat f (X)  c (0 ,~)wehavethathof~Eandg=~p3ohof~E.  In 
order to prove that 1/ f  belongs to E we will see that [ f-~x~ - eg(x)l ~< 3e for all 
x ~ X. Indeed, let x c X, if f (x )  e [ 1 ~]  then h( f (x) )  ~ [tn+l, t,] and hence 
(n+l )e  ' 
n <~ g(x) < n + 2. It follows that 
-~  - eg(x) 1 
1 <~ f (x-~ - ne[ +~lg(x ) -  n[ ~< 3e. 
I f f (x )  >~ 1/etheng(x) -=q93(tl) = 1, therefore [f-~x~ -eg(x) l  <<.e. [] 
Remark 2.3. Note that the interval (a, b) in (iii) of the above theorem must be 
different from ~. It is well known that there exist Riesz subspaces of ~x that are 
closed under composition with all the functions in C (R), but not under inversion [5]. 
Likewise, it is easy to find examples that show that ~o in (iii) must be an unbounded 
function in (a, b). For instance, if X is a nonpseudocompact space then C*(X) is 
closed under composition with any function of C* (a, b) but not under inversion. 
The next conditions equivalent to being closed under inversion which we will 
obtain (Theorem 2.9 bellow), could be derived as consequence of a more general 
result of the paper [6]. Nevertheless, we have preferred to give a direct proof of this 
theorem, that is not based on that result. Some preliminary results will be required: 
Lemma 2.4. I rE is a Riesz subspace o fR  x containing the constant functions and 
f ~ E, then E Sl-separates the Lebesgue-sets L~(f )  and L~( f ) fo r  eve~ ct < ft. 
Proof. Leta ,~6R,  u <~.Takeh=( f l -a ) - l (av  f A f l -oO.  [] 
Lemma 2.5. Let E be a Riesz subspace of ~x  containing the constant functions 
and f c E. Then, for each strictly increasing sequence {c6, }n>~0 in ~, there exists a 
sequence {h,,}n>~0 in E, 0 <, hn <~ 1, such that 
coz(h0) c Co := {x c X: f (x )  > Ctl}, 
coz(hn) _ Cn := {X 6 X: an-1 > f (x )  > an+l} 




Proof. For each n let us consider fin 6 1~ such that c~n-1 >/3n > an. Since E 
Sl-separates the Lebesgue sets of its functions (Lemma 2.4), there exist in E 
sequences {fn}n>~, {g,}n>~o, 0 ~< f,, ~< 1,0 <~ gn ~< 1, such that 
fn(LC~"-l(f)) = 1 and f , , ( L~( f ) )  = 1 (n >7 1), 
gn(Lan+,(f))=O and gn(L~"+l(f))=O (n>~O). 
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I f  we define ho = go and h~ = g,, - fi, for n ~> l, then ho(x) = 1 when f (x )  >>. t~1 
and ho(x) = 0 when f (x )  <~ oq, and for n/> 1 we have 
hn(x) = {~ i f f ln+l<~f(x)~fl~' 
i f  f (x )  ~< Otn+l or f (x )  >~ Oen-1; 
therefore coz(hn) ~ C,, for all n ~> 0. Finally, it is easy to check that sup,, hn(x) = 1 
for all x c U,~>0 cn. [] 
As it was pointed out before the supremum of  an infinite sequence does not 
always exist, even if E is a sublattice of  continuous functions. Furthermore, in case 
it should exist, it can be different from the pointwise supremum. But, in C(Y), if the 
pointwise supremum exists and belongs to C(Y) then this will also be the supremum 
of  the sequence. More generally: 
Lemma 2.6. Let Y be a topological space and E a Riesz subspace of C(Y) 
containing the constant functions and determining the topology of Y. I f  {fn}n is 
a sequence in E such that g(x) = SUpn fn(X) (X ~ Y) is a function of C(Y), then one 
of the following statements" holds: 
(i) g ~ E, in which case g = Vn fn; 
(ii) Vn fn does not exist in E. 
Proof. It is clear that if g c E then g = V,, fn. Therefore, it is enough to check that 
if f = Vn f~ exists then f = g. Since f,~ ~< f for all n we have g ~< f .  Suppose 
that there exists xo E Y such that f(xo) - g(xo) = ot > 0 and consider the closed set 
F = {x ~ Y: f (x )  -g (x )  ~< ~}. Since xo ¢ F and E determines the topology of  Y, it 
is easy to see that there exists h ~ E, 0 ~< h ~< 3, ~ such that h(xo) = ~ and h(F) = O. 
I f x  ~ F then fn(X) + h(x) = fn(X) <~ f (x ) ;  i fx  C Y, x ~ F, then fn(X) + h(x) <. 
g(x) + ~ < f(x) .  Thus, f,, ~< f - h < f for all n which is in contradiction with the 
fact that /= V,, f~. [] 
Corol lary 2.7. Let E be a Riesz subspace of •x containing the constant functions 
and {fn}n a sequence in E such that X = Un coz(fn) and Vn f~ exists in E. I f  
the restriction of the function g(x) = supn fn(x) to each coz(fn) belongs to E, then 
g=Vnfn .  
Proof. I f  we endow X with the weak topology given by E, then it is clear that g is 
a continuous function over X. Thus, we can apply the above lemma. [] 
In the following example we construct a sequence in the terms of  Lemma 2.6 for 
which (ii) holds. 
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Example  2.8. Let JR be the 2-points compactification of  R and E = {fie: f E 
C(1R)}. It is clear that E is a Riesz subspace of C(R) containing the constant 
functions and determining the usual topology of R. I f  we consider in E the sequence 
sin2x i f lx l~<nrr,  
f , (x )  = 0 if lxl > nzr, 
then we have g(x) = SUpn fn(X) = sin2x ¢ C(R) and g ~ E. 
Theorem 2.9. Let E be a uniformly closed Riesz subspace of R x containing the 
constant functions. Then the following conditions are equivalent: 
(i) For each sequence {fn}n C E+ such that {coz(fn)}n is a cover of X and 
for every n there are only finitely many values of k for which coz(fk) A 
coz(fn) 5 ~ 0, Vn fn exists; 
(ii) For each sequence {f~},, c_ E~_ such that {coz(fn)}~ is a 2-finite cover of X, 
V. in exists; 
(iii) E is closed under inversion in X. 
Proof. (i) =* (ii) Trivial. 
(ii) =~ (iii) First, let us suppose that f (x )  > 0 for all x 6 X and take 
1 1 1 
go=~vf ,  gn -  VfA- -  (n ~> 1); 
n+2 n 
since 1 ~< gn e E, from Lemma 2.1 we have 1/g,, c E*. I f  we consider in X the 
sets 
/ '/ { 1/ 
Co= x•X:  f (x )>~ , Cn= x6X:  n- >f (x )>~ (n>.l),  
then {Cn}n>0 is a 2-finite cover of X. Thus, from Lemma 2.5, there exists a sequence 
{hn}n in E, 0 ~< h, ~< 1, such that coz(h,,) c C~ for all n/> 0 and 1 = sup,, hn(x) for 
all x c X. It is clear that, for each n, f (x )  = g,,(x) for all x s coz(hn), and so for all 
x ~ X we have 
1 hn (x) hn (x) 
- -  sup -- sup - - .  
f (x )  n f (x )  n gn(X) 
Since hn • (1/gn) ~ E* (because E* is a ring) and {coz(hn/g,,)}~>o = {coz(hn)},>0 
is a 2-finite cover of  X, by the hypothesis and Corollary 2.7 we conclude that 
1/f  ~ E. 
In general, i f f  • E and f (x )  7 ~ 0 for all x c X, then 1/f  • E since 1/f  = f .  1 / f  2 
and E is a ring (see the comment at the end of  the proof  of  Lemma 2.1(iv)). 
(iii) ~ (i) Let {f~},~ a sequence in E+ such that {coz(f,,)}n is a cover of  X and for 
every n there are only finitely many values of  k for which coz( fD N coz(f~) ~ 0. 
Let f be its pointwise supremum (clearly 0 < f (x )  < ec for every x c X). We prove 
that f c E. 
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Let u(x) = sup,(f ,(x) A ~,,). It is easy to see that u is the uniform limit of the 
sequence {Vn~<p(fn A ~)}p and so u c E. Since E is an inverse-closed subring of 
•x (Lemma 2. l(iv)), it follows that each term of the sequence {u(1 + Vn~<p f,)-~ }p 
belongs to E. We are going to prove that this sequence is uniformly convergent to
the function u (1 + f ) -  1: Let e > 0 and take j0 such that 2-J0 < s. By the hypothesis, 
there is N1 such that i fk > N1 then coz(fk) n coz(f j)  = 0, j = 1 . . . . .  j0. Likewise, 
there is N2 such that i fk > N2 then coz(fk) A coz(f j)  = 0, j = 1 . . . . .  N1. Then, for 
p > N2 we have 
bt t/ 
1-}- Vn<~p f n l + f 
lg lg 
l + Vn<<.pfn l+ f  
1 
~<u~<~7 ~ i fx  c coz(fk), k > N1, 
i fx 6 coz(fk), k ~< N1. 
Therefore, the function u(1 + f) -~ ~ E. Finally, since E is an inverse-closed 
subring o fR  x and u(x) > 0 for every x 6 X it follows that f E E. [] 
The last result hat we will obtain lies in the frame of the abstract Riesz spaces. 
It follows as a direct consequence from Theorem 2.9. 
For the Archimedean Riesz space E with weak order unit e > 0, Spec E will 
denote the set of the elements in R E that are Riesz homomorphisms and carry e 
to 1. We will assume Spec E endowed with the product opology of R E. Thus, E 
determines the topology of Spec E in the sense that this topology is the initial 
given by the functions f : Spec E --+ II~, f (z)  = z f f )  ( f  ~ E). The mapping 
E ~ C(Spec E), f w-> f ,  is a Riesz homomorphism which carries e to 1; it is called 
the spectral representation of E (associated to the weak order unit e). E is called 
e-semisimple if the spectral representation E ~ C(Spec E) is injective. When E is 
e-semisimple, the image E of E by the spectral representation is a Riesz subspace 
of C(Spec E) isomorphic to E, and then E is e-uniformly complete if and only if 
E is uniformly closed. 
For further notations and basic results about Riesz spaces we refer to Luxemburg 
and Zaanen [10]. 
Definition 2.10 (Feldman andPorter [2]). In an Archimedean Riesz space E with 
weak order unit e > 0, a sequence {fn}n is said to be 2-disjoint if for each n, Ifnl A 
[fk] ~ 0 for at most two indices k distinct from n. E is said to be 2-universally 
e-complete if for any 2-disjoint sequence {fn}n of E+ such that {coz(f~)}n is a 
cover of Spec E, V,~ f~ exists. 
Theorem 2.11. Let E be an Archimedean Riesz space with weak order unit e > O. 
I f  E is e-semisimple and e-uniformly complete, then the following conditions are 
equivalent: 
(i) E is 2-universally e-complete; 
(ii) E is closed under inversion in Spec E. 
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Proof. We can apply Theorem 2.9 to E. Note that a sequence {f~}~ in E is 
2-disjoint if and only if for each n, coz(f~) A coz(fk) = coz(Ifnl A Ifkl) # 0 for 
at most two indices k distinct from n. [] 
Examples 2.12. (a) Let E be the set of all the functions f of C(R) whose 
restriction to each compact interval is a finite number of polynomial functions, i.e., 
for each compact interval [a, b] there exist so = a < sl < ... < Sp = b such that 
fl[si_l,Si] is a polynomial function for all i 6 {1 . . . . .  p}. It is easy to see that E is 
a Riesz subspace of C(R) containing the constant functions, and whose uniform 
closure is C(R). Hence, for e = 1, SpecE = R (see Garrido and Jaramillo [3]), 
and so E = E. It is clear that E is not closed under inversion in R. However E is 
2-universally complete. Let { fi~ }n be a 2-disj oint sequence in E such that {coz (fn)}n 
is a cover of IR, and let g the pointwise supremum of {f,,}n. We know that g is a 
continuous function over R. Moreover g ~ E and hence g = V,, fi,. Indeed, for each 
compact interval [a, b] there exists k such that [a, b] _c coz(fl) U. . .  U coz(f~) and 
[a, b] n coz(fn) = 0 for all n > k. Then gl[a,b] = (fl  V -.. V fk)l[a,b] and therefore 
g@,b] is a finite number of polynomial functions. 
(b) Let E be the set of all the functions in C(R) that have finite right and left 
derivatives in all but finitely many points of JR. 
It is easy to see that E is a Riesz subspace of C(R) containing the constant 
functions, and whose uniform closure is C(R) (the Riesz space of the previous 
example is contained in E), hence, for e = 1, Spec E = R. It is clear that E is closed 
under inversion in R, but E is not 2-universally complete. For instance, consider the 
functions 
1 i fx < 0, 
fo (x)= 1-~/~ i fxE[0 ,1 ] ,  
0 i fx  > 1, 
{1 -~-n l  i f xE[n - l ,n+l ]  fn(X)= 0 i fx~[n- l ,n+l ]  (n )  1). 
The sequence {fn}n is 2-disjoint and {coz(f,0}n is a cover of IR, but V,, fn does 
not exist in E because the function g(x) = sup,, fn(x) is continuous but g ~ E 
(Lemma 2.6). 
ACKNOWLEDGEMENT 
The authors would like to thank the referee for his careful and critical analysis of 
the first version of the paper and his useful suggestions, which have helped us to 
improve the work. In particular, Theorem 2.2 provides the answer to a question 
raised to us by him/her. 
REFERENCES 
[1] Buskes GJ. - The support of certain Riesz pseudo-norms and the order-bound topology, Rocky 
Mountain J. Math. 18 (1988) 167-178. 
294 
[2] Feldman W.A., Porter J.E - The order topology for function lattices and realcompactness, Internat. 
J. Math. Math. Sci. 4 (2) (1981) 289-304. 
[3] Garrido M.I., Jaramillo J.A. - Homomorphisms on function lattices, Monatsh. Math. 141 (2004) 
127 146. 
[4] Garrido M.I., Montalvo E - Uniform approximation theorems for real-valued continuous functions, 
Topology Appl. 45 (1992) 145 155. 
[5] Garrido M.I., Montalvo E -Algebraic properties of the uniform closure of spaces of continuous 
functions, Ann. New York Acad. Sci. 778 (1996) 101 107. 
[6] Garrido M.I., Montalvo E Generation of uniformly closed algebras of functions, Positivity 9 
(2005) 81-95. 
[7] Hager A.W. A class of function algebras (and compactifications, and uniform spaces), Sympos. 
Math. 17 (1976) 11-23. 
[8] Henriksen M., Johnson D.J. - On the structure of a class of Archimedean lattice-ordered algebras, 
Fund. Math. 50 (1961) 73-94. 
[9] de Leeuw K., Katznelson Y. Functions that operate on non-selfadjoint algebras, J. Anal. Math. 11 
(1963) 207-219. 
[10] Luxemburg W.A.J., Zaanen A.C. - Riesz Spaces I, North Holland, Amsterdam, 1971. 
[11] Montalvo E, Pulgarin A., Requejo B. Order topologies on/-algebras, Topology Appl. 137 (2004) 
225-236. 
[12] Mr6wka S.G. On some approximation theorems, Nieuw Arch. Wisk. 16 (1968) 94-111. 
[13] Xiong H.Y. A characterization f Riesz spaces which are Riesz isomorphic to C(X) for some 
completely regular space X, Indag. Math. 51 (1) (1989) 87-95. 
(Received March 2005) 
295 
